ABSTRACT: Sediment routing simulation models are designed to reproduce the hydro-morphodynamic behaviour of natural rivers as completely as possible. Three-and two-dimensional models are accurate but timeconsuming. Hence, they usually are not suitable for long-term simulations. Such purpose currently requires one-dimensional models, which ignore the lateral variations of the scour/deposition processes within the crosssection. This paper aims at including those effects for reliable predictions of lateral channel deformation. This is accomplished by solving in a coupled way the De Saint Venant-Exner equations. The resulting exchanged sediment volumes (scour/deposition) are then partitioned along the cross-section by using a two-dimensional version of the mass conservation laws (for both water and sediments), thus extending the one-dimensional model to a quasi-two-dimensional model. The proposed formulation is tested against the results of a fully three-dimensional model in some idealized benchmark problems. Then, the influence of the quasi-two-dimensional reconstruction is evaluated in some one-dimensional problems. The differences between formulations currently used in literature and the proposed model become more clear as the role of the cross-sectional shape gains relevance.
INTRODUCTION
One dimensional (1D) sediment routing models (SRM) are widely applied to practical engineering and management problems in the fields of water resource exploitation, environment protection and ecology management. Almost all SRMs are 1D in the sense that they treat flow and sediment transport on a width-averaged basis. This simplifies the calculations, allows better temporal and spatial resolution with available computing power, and minimizes input data requirements. However, this approach ignores the lateral variations of the scour/deposition processes within the cross-section, which is an important element in predicting morphodynamics evolution in natural rivers. In fact, such evolution is governed by non linear effects included both in the friction term and in the solid transport. Some efforts have been made in order to include those effects. A well known model of this type, which is largely used in practice engineering, is GSTARS (Molinas and Yang 1986) which is a quasi-steady semi two-dimensional (2D) model with the use of stream tube concept to simulate the bed evolution process. An improved model, which aims to remedy the shortcoming of GSTARS, is due to Lee et al. (1997) , in which the model is extended to solve unsteady flows, but using the steady concept of stream tubes.
In this paper a new methodology able to describe the lateral distribution of erosion/deposition for any arbitrary cross section is presented. The exchanged sediment volumes (scour/deposition), resulting from solving numerically the De Saint-Venant-Exner model, is partitioned along the cross section, according to a quasi two-dimensional flow field, obtained by using a two-dimensional version of the mass conservation laws (for both water and sediments).
FORMULATION OF THE PROBLEM
One-dimensional mobile bed models are based on a systems of differential equations which involves the De Saint Venant momentum and continuity equation and the Exner sediment continuity equation, where t is time, x is the longitudinal direction, A is the transversal wetted area, Q is the liquid discharge, Q s is the solid discharge, p is the porosity, η is the elevation of the deepest point (thalweg) within the cross-section, I 1 represents the hydrostatic pressure force term while I 2 accounts for the pressure forces in a volume of constant depth due to longitudinal variations. A s is the solid area of sediment within the cross-section, and it is computed as:
where B 0 is the total width of the cross-section, z b is the bottom elevation.
The solution of the above system requires the closure relationships for the friction term S f and the quantification of Q s as a function of the Shields parameter θ:
where C is the global conductivity in the cross section, R is the hydraulic radius, the relative sediment density and d s a characteristic grain size.
In morphodynamics problems, non-linear effects are crucial. Some of them are related to the form of the section and should be included into one-dimensional models. They affect the friction term S f which in turn could affect sedimentation varying the solid discharge Q s (θ). Usually, the cross section is defined by N points (j = 1..N ). Thus it can be subdivided in N − 1 cells (between the points), or in N cells (around the points), as described in Figure 1 . For each interval, it is possible to evaluate the local parameters (partial area, water discharge and solid discharge, bottom shear stress, etc.), according to the procedure proposed by Engelund (1964) . Hence, the overall behavior of the cross-section, with respect to one-dimensional simulations, can be obtained by suitable sums of the fraction associated with its cells:
where B is the width of the wetted cross-section, h is the water level and k s is the local value of the GaucklerStrickler coefficient.
Modification of river cross-section
In spite of the solution strategy (coupled or uncoupled) or numerical techniques (finite difference, finite volume, etc.) adopted for solving the governing equations (1), (2), (3), at the end of each time step all 1D mobile bed models, for each cross section i, give a sediment volume A si which should be distributed along the cross section. To ascertain change in cross section is always difficult in 1D computation because it actually goes beyond the conventional capacity of such computations. A reasonably accurate prediction of a river cross-section is nevertheless quite important. For instance, if navigation had to be considered, one would need to know the maximum depth after deposition. Even in the ecohydraulics field, change in the cross section may modify the suitability of habitat.
Some methods, empirically based, are available in literature and each of them is developed according to mass conservation. In the simplest method (CLAS-SIC) the amount of change A s is distributed along the wetted perimeter, increasing or decreasing each point of the same quantity A more complex method assumes the allocation of scour and fill across a section to be a power law of the local value of the Shields parameter as follow:
The coefficient m is empirically determined and it is generally between 0 and 1; it affects the pattern of scour and fill allocation. A small value of m, say 0.1, would mean a fairly uniform distribution of z bj across the section; a larger value, say 1, will give a less uniform distribution of z bj .
A QUASI TWO-DIMENSIONAL MODEL
In this section we propose a model that aims at obtaining two-dimensional information on the basis of the geometrical features of the cross-section. Thus we consider a generalized version of the one-dimensional equations (2)-(3) for each cell within the cross-section. Non vanishing liquid and solid transversal discharges represent a coupling between the different cells and allow for a quasi-two-dimensional (Q2D) description of the flow.
The continuity equation for the liquid phase in the cell associated to the point j (the shaded region in Figure 1 ) reads where q lj + 1 2 is the discharge per unit length exchanged between the regions associated to the points j and j + 1. Analogously, the sediment continuity can be written as
The main point of the model is the reconstruction of the lateral distribution of the one-dimensional variables, in particular of the solid area variation ∂A sj /∂t.
As a first step, we approximate the distribution of main quantities along the cross-section (assuming a laterally constant free surface elevation) by means of the following dimensionless parameters:
where Q j and Q sj are the liquid and solid discharges evaluated by means of a suitable subdivision model for each cell (with transversal area A j and width B j ), while Q and Q s are their cumulate values summed for the whole cross-section (with total area A and width B). The obvious fact that the sum of α j , β j and γ j over the whole cross-section is unitary will be important in the following considerations.
The sediment transport capacity can be estimated locally through a simplified relationship Q sj ∝ B j θ m j (thus neglecting any threshold). With this choice, the ratio β j depends only on the geometrical characteristics of the section. In the following examples, we have chosen m = 3/2.
Secondly, we introduce the following assumptions:
which correspond to assume that the river reach is locally cylindrical and there are no effects of the water surface lateral variation. In fact, considering for instance the liquid discharge Q j , its derivative should be expressed as where n is the exponent of a simplified discharge power law Q ∝ A n . Neglecting the last two terms of (14) as in (12), we are not considering the differences in the shape of two adjacent cross-sections and the variations of the lateral distribution of discharge with changing water levels. An analogous assumption, though not strictly necessary, is introduced for the temporal variation of the area of the cell:
It is important to note that non-cylindrical terms can be important in real applications. We are currently working on the inclusion of non-cylindrical terms in our model, since they can be taken into account in a relatively straightforward manner. Nevertheless, in this paper we present some preliminary results based on the simplified assumptions (12), (13) and (15), which show the capability of the model to reproduce important features of the complete phenomenon.
At this point, the transversal liquid discharge can be estimated from the water continuity (9), introducing the distributions (11), the assumptions (12), (15), and the one-dimensional equation (2), as follows:
where at the left boundary is imposed that q l 1 2 = 0 (impermeable bank). The opposite boundary condition (e.g. q lN + 1 2 = 0 at the other bank) is automatically satisfied; in fact, summing over the number of cells, it can be easily obtained Note that the equation (16) implies that the lateral discharges disappear in steady conditions (∂A/∂t = 0).
Then, the lateral sediment transport between adjacent regions can be obtained as the sum of convective transport and gravitational effects, which can be estimated following Ikeda (1982) (for a discussion of a more refined model, see Parker et al. (2003) ). Herein we adopt the simplified version where the local values (e.g. at the point j + 1/2) of the variables are considered. The relationship (18) is based on the assumption that the direction of the sediment transport is given by the direction of the shear stress (τ y /τ υ/ √ u 2 + υ 2 , where υ = q l /D and u = q/D, being q = α j+1/2 Q/B j+1/2 the specific longitudinal discharge) with a correction due to the gravitational effect. Considering, for instance, the right side of the cell containing the point j, the local values in (18) can be estimated as follows:
with a slope ∂z b /∂y = (z bj+1 − z bj )/(y j+1 − y j ). In the following, when considering the effect of gravity, we have chosen a value r = 0.3 (Talmon et al. 1995) .
Finally, the variation of the solid area in the cell can be obtained from the sediment continuity equation (10) by using the distributions (11), the assumption (13), and the one-dimensional equation (3), as When the lateral solid discharges are negligible (e.g. in the case of stationary conditions and no gravitational effects), the above relationship suggests that the solid area variations (erosion/deposition) are distributed along the cross section according to the local intensity of sediment transport β j . Hence, if we use a power law sediment transport relation q s ∝ θ m , the erosion/deposition distribution is proportional to the local value of Shields number elevated to a power m (in the range 1.5 ÷ 2.5, significantly larger than the value proposed by previous models).
The temporal evolution of the elevation of the points must respect the sediment mass balance. Thus the following condition must be satisfied:
where A s is the total variation of the solid area calculated by the one-dimensional model. Since the sum (21) can also be written as it is easy to verify that the sediment balance is respected if we impose a local bottom variation in the form Thus, the variations (23) can also be recast in terms of the temporal derivative as
NUMERICAL RESULTS AND DISCUSSION
The performance of the model are compared with the simulations obtained by using a fully threedimensional (3D) model (Vignoli and Tubino 2002; Francalanci et al. 2006 ). The comparison is made in the following way: at each time step, the results of the 3D model (concerning both hydrodynamics and bottom evolution) are integrated over the cross-section in order to give the 1D input to our Q2D model, which independently modifies a parallel bottom configuration (starting from the same initial condition).
Moreover, an analysis of the influence of the lateral distribution of erosion and deposition on onedimensional results is pursued by comparing different models of cross-section reconstruction.
The cross-section used hereafter is shown in Figure 
Comparisons with a 3D model
In this section we compare the results of our model (Q2D, Quasi-Two-Dimensional) and those of the three-dimensional (3D) model in some significant cases. For sake of simplicity, when not specified, we refer to a base flow which is characterized as follows: discharge Q = 1510 m As a first test, we aim at verifying that the liquid and solid transversal discharge are reproduced correctly in the case of cylindrical reaches. For this purpose, we consider the propagation of a very rapid and intense flood wave ( h 15 m, Q 2 · 10 4 m 3 /s in a period t = 1800 s, with a maximum rate of variation dA/dt 3 m 2 /s). For this test, the effect of gravity on lateral sediment transport is neglected, i.e. we set r = 0 in (18). In this case, the modifications of the cross-section are not relevant: the variation of the mean bottom level is negligible (few centimeters for a maximum depth of 5 m). Moreover, the transversal fluxes are several orders of magnitude smaller than the longitudinal ones (q ∼ 200 m 2 /s, q l ∼ 0.05 m 2 /s, q s ∼ 0.7 m 2 /s, q sl ∼ 1.5 · 10 −4 m 2 /s). The comparison between 3D and Q2D results is shown in Figure 3 , where the lateral distributions of q l (y) and q sl (y) and the temporal variation of their maximum and minimum values along the cross-section are plotted. The performance of Q2D model are good, even if the role of transversal fluxes is likely to be negligible.
As a result, the elevation of the deepest point is mainly driven by the total erosion/deposition process. The lateral distribution of the solid area variation is governed by the transversal distribution of β j along the cross-section. The predictions of the altimetric variations of the thalweg made by 3D and Q2D model show a satisfactory agreement (see Figure 4) ; note that the variation of the mean bed elevation is the same for both model due to the specific formulation of Q2D model.
The second test aims at showing the effect of gravity in the case of cohesionless sediments. In the case of constant liquid discharge, gravitational correction of the sediment transport (18) is responsible for the lateral flattening of the cross-section altimetry, which asymptotically tends to a rectangular section where lateral slope vanishes. The process can be quite fast if cohesive resistance is not taken into account, as shown in Figure 5 , where the cross-section evolution at different times is plotted as calculated by the 3D and Q2D models: our model seems to capture the main features of the evolution in a correct manner. In natural rivers the process can be significantly different, because of the different material of the banks (which, for instance, usually have a slope that is much larger than the angle of repose).
Finally, it is interesting to verify the Q2D approximation in two opposite cases: net deposition and net erosion. The former case is reproduce by modifying a uniform flow by imposing a large increase in the water elevation downstream (Figure 6 ). The latter case is given by a change of slope between a subcritical flow upstream and a supercritical flow downstream, which induces erosion in the transition (Figure 7) . In both cases our model behaves in a satisfactory way.
Influence of Q2D reconstruction on 1D simulations
The aim of these simulations is twofold: first, to compare different models for computing the lateral evolution of the cross sections, and second, to investigate the role played by such models on the overall 1D morphodynamic evolution. The 1D SRM model used for obtaining the results presented in this section is the one developed by Siviglia et al. (2006) , which has been coupled with 4 different cross section evolution models, namely: the CLASSIC and the SHIELDS (we set m = 1 in equation 8) models, described in section 2.1, and the proposed model in two different configurations, accounting (Q2D model) and neglecting the effects of gravity (Q2D no g) (imposing r = 0 in 18).
Deposition
In this section we investigate the 1D evolution of a deposit generated under an hydraulic jump obtained by imposing downstream a large increase in the water elevation to a uniform supercritical flow. The bottom is considered cohesionless. In order to increase effects due to non linearity we have considered a narrower cross-section respect to the 3D simulations, i.e. the one sketched in Figure 2 characterized by a width B 0 = 10 m.
In Figure 8 , we have plotted the difference of the mean value of bottom profile between the final (t = 37 h) and initial configurations (t = 0) along the longitudinal axes. There are some differences among the results of the compared models. The CLASSIC propagates the front of the deposition faster than the others models, while the Q2D is characterized by the slowest propagation. The fronts of the deposit obtained by using the Q2D (no g) and the SHIELDS models are located in between of these two. It is worth noting that such differences increase during the time evolution, possibly making long term morphodynamic simulations meaningless.
In Figure 9 the time evolution of the friction term gAS f at section x = 1250 m is given. Application of the four updating models gives rise to different behavior of such a term. During the first time lag t 1 , the front of the deposition has not reached the coordinate x = 1250 m, thus the value of the friction term predicted by all the models is constant and equal to the initial value. During the phase lag t 2 the front reaches the cross section under investigation, resulting in different behaviours for the value of the friction term. The Q2D (no g) and SHIELDS models start to change the shape of the cross-section almost immediately, thus resulting in larger value of the friction term, while the gravity effects, included in the Q2D model seem to induce a delay in such growth. When the front of the deposition has passed x = 1250 m, the friction term reaches a constant value determined by both the shape of the cross-section and the water depth. The two proposed models Q2d and Q2D (no g ) and the SHIELDS model converge to similar constant values while the CLAS-SIC method tends to converge to a smaller value. In this case, in which considerable non linear effects have been included, these values differ of a factor 2. These numerical results demonstrate a remarkable tradeoff: such a considerable variation can greatly affect the time evolution of hydraulic phenomena governed by gravitational effects, e.g. flood propagation.
The modification of the cross-section located at x = 1500 m at time t = 37 h, due to the depositional process, is shown in Figure 10 . At first glance it appears that the mobilized sediment volume are very different for each configuration. This can be explained by analyzing Figure 8 ; in fact, for the Q2D model, the front of deposition has not passed the longitudinal coordinate x = 1500 m yet, while it has moved on in the CLASSIC model. The other two models lie in between. Since all points are wetted, the application of the CLASSIC method does not change the shape of the cross-section, which moves up unchanged. Application of the Q2D (no g) and SHIELDS models tends to flatten the cross-section, filling the deepest regions, and moving towards a fairly uniform deposit distribution. This effect is accelerated by gravity in the applications of the Q2D model. As a result, the lateral cross section evolution is characterized by very different shapes with high differences in the thalweg elevation.
Scour
In this section we investigate the 1D evolution of an erosion process generated by a change of slope (upstream: S = 0.004 and L = 3000 m, downstream: S = 0.007 and L = 1000 m). The water discharge is constant (Q = 1350 m 3 /s) and the bottom is considered cohesionless. The geometry is characterized by the cross-section depicted in Figure 2 with width B 0 = 100 m. The modification of the cross-section located at x = 2750 m at time t = 4 h due to the erosional process is shown in Figure 11 . CLASSIC, Q2D (no g) and SHIELDS models tend to erode the crosssection, scouring the deepest regions more intensively than the shallow one. It results in a decrease of the thalweg elevation. The results of such numerical experiments demonstrate a remarkable side effect: the thalweg can become deeper and deeper, and it can reach meaningless values, which, in some cases, can crash the numerical model. Such side effect is naturally solved in the Q2D model; in fact, inclusion of gravitational effects lead to a smoother cross-section, as it is shown in Figure 11 . The elevation of the thalweg rises during time evolution while the value of the mean bottom elevation gradually decreases.
CONCLUSIONS
The quasi-two-dimensional model presented in this paper allows for reconstructing the transversal distribution of scour and deposition along the crosssection. It emerges that the local bottom variation (24) depends on two main factors: the distribution of the sediment transport, described by the dimensionless parameter β j , and the lateral fluxes of sediments, q sl . A preliminary analysis, concerning channels without strong non-cylindrical variations, show that the former factor is predominant in those cases for which the gravitational effects on transversal sediment transport can be neglected. In fact, even in the case of rapid flood waves, the liquid transversal fluxes q l are some orders of magnitude smaller than the longitudinal fluxes. Thus, the only relevant effect on bed load direction is given by the local transversal slope.
In the case of ∂A/∂t = 0 and no gravitational effect, the solid area variation (20) is simply Given that β j is a non-linear function of the local depth through the value of the Shields parameter θ (i.e. β j ∝ θ m j ), we find a conceptual basis for a class of available models that assume a dependence on Shields as in (8). One of the relevant outcomes of the present analysis is that an exponent m 3/2 seems to be a good choice on the basis of the comparison with 3D results, whereas empirical relationships assume m ∈ (0, 1).
The relevance of considering a correct shape of the cross-section in 1D models has been investigated in the case of the propagation of a sediment front. In particular, it is shown how the nonlinear terms gAS f , from which the propagation velocity of liquid phase waves depends, and the Shields parameter θ, which quantifies the solid transport, depend crucially from the model adopted for lateral evolution.
Finally, we want to point out the main strengths and weaknesses of the present model. The main limitation is that, in the current formulation, the model is not suitable to deal with strong longitudinal variation of the cross-section because of the assumptions (12) and (13), but its extension is feasible.
On the other hand, unlike other models which are based on the concept of stream tubes (which can be defined in a consistent manner only in a steady state context), the formulation of the present model concerns only a single cross-section at a time, avoiding the use of spatial derivatives. In this way, it is intrinsically consistent with whatever 1D model, since it does not require any assumption on the 1D numerical scheme. This fact, in addition to the simplicity of the formulation and the possibility to include gravitational effects on the lateral transport, gives the possibility to easily include it in existing models. Furthermore, the physically-based formulation represents an advantage over other semi-empirical models of lateral distribution of scour and deposition.
It is also important to note that, in order to apply the model to real cases, further considerations are required about the role of gravity in the regions of the river banks.
